Introduction
Systems of differential equations with symmetry will bifurcate differently compared to systems without symmetry. For instance at a Hopf bifurcation point, where a symmetric steady state looses its stability, more than one branch of periodic states may be produced. Each of these branches can be detected by restricting the state space suitably, and applying standard Hopf bifurcation results within the restricted state space.
We show how the same ideas can be applied to obtain global branches by variational methods. Again, symmetry considerations lead to the choice of suitable functions spaces. The level branches can be continued globally by minimizing suitable functionals. We give the details for a three particle system. Here we are interested in a system of 3 particles coupled by a nearest neighbour potential. We review some of the known results on periodic states.
The equations of motion are given by (2.1)
where V is a nearest neighbour potential First one needs coordinates in which the symmetry is described naturally.
The group D3 has a two-dimensional irreducible representation. Dividing out the motion of the mass centre (reducing to a four dimensional system) we can thereafter choose coordinates in 1R4 .. «;2 such that the action of D3 on «;2 is generated by the rotation ~ and 211" 211"
i --i -(2.3a) (e 3 z 1 ,e 3 z 2 ) (2.3b) and the vectorfield in the new coordinates commutes with this action. After a near identity transformation, we may also achieve that, up to any finite order in the Taylor expansion in (zl' zl ,z2 ,z2) the vector field commutes with the circle action given by the flow generated by the linear part of the vector field. Or, phrased differently, the appropriate bifurcation function obtained by a Liapunov-Schmidt reduction will commute with this circle action. The circle action is given by:
Given an element u E «; , by ~u we denote those elements from the group D3 XSl which leave u invariant. Fix (~u) is the set of all Z E «;2 which are ~u-invariant.
The groep D3XS1 acting on «;2 as described in (2.3a-c) has three non trivial isotropy subgroups, each of them has a two dimensional fixed point space.
These are listed below. It is a trivial, but nevertheless important, observation that the vectorfield leaves a fixed point space invariant. As the above spaces are two dimensional, we can apply in each of them Liapunov's Center Theorem to (2.1).
